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The purpose of this paper is to answer the following
questions: (1) Let F be a family of setst. What are neces-
sary and sufficient conditions that F bte the family of all sets
represented in some consistent standard thsorya? (2) What are
necessary and sufficient conditions that F be the family of all

sets represented in some consistent axiomatizable standard theory?3

Y shall prove:
THEOREM 1. F is the family of all sets represented in some con-

gistent standard theory if and only if F is closed under inter-

section, finite addition and subtractionu, and contains the null

set and the "universal" set (i.e. the set Nn of all non-negative

integers).

THEOREM 2, F is the family of all sets represented in some con-

gsistent axiomatizable standard theory if and only if F is a re=~

cursively enumerable family of recursively enumerable setss; F

contains the null set and the "universal" set; and F is closed

under intersection and finite addition and subtraction.

As an example of a consequence of THEOREM 1, we may cite
the fact that, since ths'ﬂi sets (the sets whose complements are
recursively enumerable) satisfy the closure conditions mentioned
in the theorem, there exists a theory T with the property that all
and only'ﬂi sets are represented in T. Similarly, it follows from
THEOREM 2 that, since the recursive sets satisfy the conditions

given (that they form a recursively enumerable family in the sense

on n.5 was first proved by Dekker), there exists an axiomatizable

theory T with the property that all and only recursive sets are

[
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represented in T. This result has been previously obtained by
Shoenfield (in a stronger form); and the result about'ﬁi sets can
likewise be obtained by a quite different construction than the
one used here. However, it is of interest to see these results
not as isolated curiosities, but as special cases of very general

theorens,

1. Qeneral Remsrks. {FI,FZ,...} will be a family of sets
whiéh contains the null set, the "universal" set Nn, and is closed
under intersection and finite addition and subtraction; Pl’PZ""
will be an infinite list of monadic predicate letters; n will be
the nth formal integer; T will be the theory whose axioms are
T £ m for each pair n,m such that n # m; Pi(ﬁ) for each i,n such

that n € F;; and (x)(?il(x)ﬁ...ﬁPiK(x).v.le(x)ﬁ...ﬁPjN(x)) for

! 1 : ; g
each pair {Pil""’Piﬁ}’ {le,...,Pst of disjoint finite sets

liv

(K 21, N 21) of predicate letters from the list By s Pgnss 4

A.L,A ,...An F B will be used to mean (where n 2 0) that there is

L
a proof of B from assumptions Al’AZR"’An in first order predicate
calculus with identity; and F pB will mean that B is a theorem

(valid sentence) of T.

2. Proofs., To prove Theorems 1l and 2 we need the following

lemmas:

LEMMA 1: Iet %FI,FZ,... be the familv of all sets represented in

some consistent standard theory S. Then Fl’FZF"‘ is closed under

intersection, finite addition, and finite subtraction, and contains

the null set and the universal set.

Proof: Closure under intersection is obvious, since if the w.f.f.
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(well formed formula) A(x) represents Fi and B(x) represents Fj’
then A(x) £ B(x) represents FifW Fj' The null set is represented
by any self contradictory w.f.f with one free variable; the
universal set is represented by any valid w,f.f. with one free
variable; and finally the sets F, t {hl,na,...,nkg and

Fi - {nl,na,...,nk} are represented by the formulas

Alx) v x = Hi F ses ¥ X = Ek and A(x) £ x # Hl BoeoBx # Ek

respectively,

LEMMA 2: P, represents F, in Ty

Proof: If n € F,, then Pi(ﬁ) is an axiom of T, and hence r'TPi(H).
Now suppose n E'Fi, and consider the following interpretation of
T: for all m, m designates n; Pj is assigned the universal set

as extension for j # 1, and Pi is assigned as its extension the

set Nn = in} « This interpretation is a true interpretation of T,
and according to it the sentence Pi(H) is false. Hence Pi(H) is

not a theorem of T.

6

LEMMA 3., If [P, (x)ﬁ'...tfPiM(x) D A(x), where M £ 0° and A(x) is
1

a w.,f.f. with one free variable, then A(x) represents one of the

F, in T.

i
Proof: (By course-of-values induction on M.) Suppose M = 0,

Then [ pA(x); hence A(x) represents Nn.

Suppose the lemma holds for M < N, and let r-TFi (x)ﬁ...éPi x)
i N

2 A(x). Let 31,32,...,§k be all of the formal integers that

occur in A(x). If A(T) is never provable unless EfPi (T)E...£P, (%)
1

Iy

or t € {sl,sa,...,sk% » then A(x) represents a set that can be

obtained from F, {1 F, () .., A F, by finite addition, and hence
iy i2 iN
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one of the F,. Now suppose that |-TA(T:'), where it is not the case

that F P, (t)f...£P, (), and t # s,. Let the following be all
s il iy k

of the axioms needed for some proof of A(T) in T:

le(Tc'),..., U(t), T #n nl,...,t #n ny; Ayseeeshg; where the A, are

all of the axioms not containing t used in the proof. If U = 0,
then, by the Deduction Theorem, Al"“’AS.FE # Hlp‘...ﬁt # HjDA(E);
hence, since t does not occur in Al’Aa"”’AS’ and t is not one of
the S;4 Ajshsseesshgl (x)(x # Ny fee fx # ny 2 A(x)). Then

|—T(x)(x # Hlé...ﬁ'x # Hj D A(x)), and A(x) represents Nn - W,

where W has to be a subset of {nl,...,nj} , and hence finite. On
the other hand, if U # 0, then by a similar argument

Aysboseeerhgh (x)(P, (x)é...éPj (x) D (x # D kusokx # -5- > a(x))),

and so [-TPj (x))f...t'P (x) Dilx # B 1Beeefx £ ny 3A(x)> But we

assumed I—TPil(x)g...éPiN(x) D A(x), so

(1) bg(ey Gferod?y () v By Gbendpy () D (x 4 pd
coofx # Hj Da(x)) .
If the Pi's and the Pj's are all distinct, then
I-T(x)(Fil(x)/f...ﬁfPiN(x) W le(x);f...ﬁijN(x)), and hence

I'-T(x # Hlﬁf...ﬁfx # 'ﬁj o, A(x)) and A(x) represents iin - w, where
W is a finite set, And if the Pi's and the Pj's are not all

distinct, then Pil(x);{... (x).v. P (x)ﬁ'...ﬁfP (x) is quanti-
N

ficationally equivalent (in fact, equivalent by propositional

calculus) to Fk (X)ﬁ{...A{Pk (x) £ (Pi (x)éPi (x)):'...fﬁPir(D)(x)

o

Wi Pj (x)fij (x)£.. ﬁij (Q)(x)) where P,

A ,...,Pk are all

ka H

l
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of the P's that occur both among the Pi and among the Pj’ while

R #E i
lr’ ir,’ 1on

the Pj’ and similarly PjS’PjS',PjS'{..O’PJ (q) are the PJ that do

""’Pi (D) are the Pi that do not also occur among

not also occur among the Pi' Moreover, D cannot = O (otherwise
r'TPil(f)ﬁ...ﬁPiN(?), contrary to the choice of t), and we may
assume that Q # O (since otherwise we would have U < N, and the
lemma would follow by the induction hypothesis7). Thus

(X)(Pir(X)d..'iPir(D)(X) o Ve PjS(X)K...ngS(Q)(X)) is an axiom of
T, so that P, (x)f..efP, (x) .ve P. (x)fesefP. (x) is provably

iy iy J1 Jy
equivalent to P, (x)ﬁ...éP (x), where H < N, Hence the lemma
follows by the induction hypothe31s and the fact that since (1) 1s

a theorem of T, r (x)é...éP (x):D (x #n #...ﬁ x#n ny = A(x))

LEMMA L. The family of all sets represented in an axiomatizable

theory is a recursively enumerable family of recursively enumerable

sets.

Proof: Let the w.f.fs of S (where S is any axiomatizable theory)
with one free variable be effectively listed as Al(x),AZ(x),..; o
The predicate P(i,n) = dfr sAi('ﬁ') is a recursively enumerable
predicate (to verify this, assuming Church's Thesis, note that it
can be written in the form (Ex)Prf(x,n,i), where Prf(x,n,i) is the
decidable, and hence recursive, predicate "x is the godel number
of a proof of the formula that results when n is put for all oc-
curences of 'x! in A,(x)". Moreover, Ai(x) represents {nIP(i,n)} 4
or {£(1)} (of. n. 5), where® £(1) = sl(e,1) and o 1s a gdael

number of P,



Proof of THEOREM 1. By LEMMA 1, we have "only if", To prove

"ir" (i.e., to show that the conditions given in the theorem are
sufficient) we shall show that if {Fj,F,,...} satisfies the
conditions, then {F PaLg ,...} is the family of all sets represented
in T (where T is the theory mentioned in 81) ,

By LEMMA 2, F, is represented in T (for 1 = 1,2,00¢)e S0 it
suffices to show that for every w.f.f. A(x) of T, A(x) represents

one of the F Accordingly, let A(x) be a w.f,f. of T with x as

i.
its only free variable, and let 51’52?"”§k be all the formal
integers that occur in A(x). If r'TA(f) only when te{%l,sa,...,siﬁ,
then A(x) represents a finite set, and hence one of the Fi (noting
that all finite sets can be obtained from the null set by finite

— n
addition)., Now suppose ['TA(t) where t € {%l,sa,...,sgs « Let
the following be all of the axioms needed for some proof of A(T)
in T: P, (f),...,PiM(f)g t # nl,...,? # Hj; Ayseeeshg; where

1l

the A, are all of the axioms not containing t© used in the proof,

¥
Then A ,A,, e sig Py (t)ﬂ...iP (t):D(t #n ﬂ...ﬁ" 5,2 A());

hence Al,Aa,.o.,ASr Pil(X)‘é."éPiI\I(X):) (X = nlﬂfo..ﬁx = njDA(X)),
and hence r-TPi (x)ﬁ...ﬁPi (x) D (x n K...ﬁx = n = A(x)) Then
1 A M

by LEMMA 3, x # nlé...ix #.anD.A(x) represents one of the F,,
and hence A(x) represents one of the Fi(cf. n.7)

Proof of THEOREM 2, The proof is similar to the proof of THEOREM 1,
except that LEMMA L, must also be used for the "only if" part of the
theorem, and we must note that what we have given for this case is
a recursively enumerable set of axioms. The axiomatizability of T

(in the sense of recursive axiomatizability) then follows by

Craig's Theoremn,



FOOTNOTES

1) Terminology: In this paper "set" means set of non-negative
integers, except when there is indication to the contrary. A
formula P(x) (with one free variable x) is said to "represent” a
set S in a theory T if for all integers n, n € S if and only if
P(n) is a theorem of T (N,B.it is not required that P(m) should be
refutable in T ~-~ i,e,, that ~P(n) should be provable in T --=

when n € S). The term "represent” comes from Undecidable Theories.,

A
(n € S is an abbreviation for ~/n € S,)
2) By a "standard theory" I mean a "theory is standard formal-

ization" in the sense in which that term is used in Undecidable

Theories, in which there are terms (called formal integers in the

sequel), say O, 1, 2, ... (which nay be interpreted as designating
O, 1, 2, ...) such that n # m is provable for all n,m such that

n # n,

3) A thsory in standard formalization is called "axiomatizable"

in Undecidable Theories if the set of valid sentences in identical

with the set of first-order consequences of some recursive subset
(called the set of "axioms"). (Instead of "recursive" it would

be better to say '"solvable", in the sense of Post, since strictly
speaking the recursiveness of a set of formulas depends upon the
godel numbering employed, whereas "solvability" is defined directly
for sets of expressions in any finite alphabet,)

) A set B will be said to come from a set A by finite addition

(resp. finite subtraction) if B = A UW (resp. A -~ W) where W is

a finite set.



5) Following Kleene, let {n} be the nth partial recursive function
in the standard enumeration. (This notation is not to be confused
with the notation {nl ...}, for the set of all n satisfying the
condition ..., nor with the notation {Al,Aa,AB,...} , for the set
consisting of Al,Aa,A3,... o) We shall identify each partial
recursive function with its domain, for the purpose of enumerating
the recursively enumerable sets: thus {n}-will alternatively be
thought of, where convenient, as "the nth recursively enumerable
set, in the standard enumeration." A family F is called a
"recursively enumerable family of recursively enumerable sets"

if the members of F are {t(O)} 3 {t(l)} s ses s for some general
recurgive function t,.

6) If M =0, the D is to be understood as deleted.

7) More preciscly, it would follow from the induction hypothesis
that x # Hlﬁ...x # Hj':>A(x) represents one of the F,. But

x # nlé...#x ¥ ny A(x) represents a superset with at most finitely
many more members than the set represented by A(x) (as is clear
from the fact that this formula can also be written

X =n vx= 32 ¥ sxa VX = Hj v A(x) can be obtained from this

Fi by finite subtraction. Hence A(x) also represents one of the
F, ( since the F; are closed under finite subtraction),

8) S%(e,i) is a primitive recursive function whose value for any
e,i) is a Godel number of {iIPe(i,x)} » where P 1s the eth 2-
place recursively enumerable predicate in the standard enumeratioﬂ.

This function is constructed in Introduction to Mstamathematics.
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